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Abstract 

We show how the hnk variables of Arkani-Hamed, Cachazo, Cheung and Kaplan (ACCK), 
can be used to compute general gluon tree amplitudes in the twistor string. They arise from 
instanton sectors labelled by d, with d = n — 1, where n is the number of negative helicities. 
Read backwards, this shows how the various forms for the tree amplitudes studied by ACCK 
can be grouped into contour integrals whose structure implies the existence of an underlying 
string theory. 



1 Introduction 



Inspired by work of Arkani-Hamed, Cachazo, Cheung and Kaplan [1, 2], we use link variables 
to obtain expressions for tree amplitudes in open twistor string theory [3] -[5]. This extends 
the derivation from the twistor string beyond maximally helicity violating (MHV) amplitudes 
and special cases of non-MHV trees [8]-[13], as well as providing a basis for the dual structure 
envisioned in ACCK. We use a canonical quantization [6, 7] of Berkovits' version of twistor 
string theory, and compute the gluon trees. 

The extensive literature for amplitudes in the spinor heliciy basis, sampled by [15]- [19], has 
been used in developing recursion relations [20, 21]. These were motivated by a remark- 
able formulation of string theory on twistor space [5], which made contact with a twistor 
description for gauge theory [22, 23]. Additional dual forms for trees are found [24]-[26]. 

At loop level, the twistor string has been difficult to interpret as a dual for the gauge theory 
[4, 6]. In this paper, however, we show that the gauge theory based analysis of ACCK, which 
is phrased in terms of link variables, appears naturally to lead back to the twistor string at 
tree level. This may eventually enlighten our treatment of string loops, and the pursuit of 
the dual S-matrix. 

Suppose we have N gluons, labeled a = 1, . . . N, with momenta p^^ = vr^vfadi cind helicities 
€a, m of which are positive and n negative, m + n = N . Write V for the set of positive 
helicity particles and AT for the set of negative helicity particles. 

The link variables Cjr, i G V,r G A/" satisfy the 2N linear equations 

Tts = -^TtiCis. (1.2) 

where we have suppressed the spinor indices. See [6] for our conventions. These equations 
are not independent because, as noted by ACCK, they imply momentum conservation. As 
in [1] (Eq.37), these linear conditions imply energy-momentum conservation: 

XI ^Ja'^j = X X "^jo-f^irK = - X ^^raK'^ (1-3) 
JG'P j&V reAf rGAf 

for momenta satisfying this consistency condition they provide N' = 2N — 4 constraints on 
the mn variables Cj^, leaving 

NR = mn-N' = {m-2){n-2) (1.4) 

degrees of freedom. The philosophy outlined by ACCK is to seek to write the tree and loop 
amplitudes of gauge theory as contour integrals over the remaining Nr degrees of freedom. 

The main observation underlying the analysis of this paper is that, in open twistor string 
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theory, the hnk variables should be of the form 



ks{Pj - Ps) 



(1.5) 



for some suitable Pa,ka, as we shall see at the beginning of section 3. The necessary and 
sufficient condition for the link variables to be of this form is that the matrix 



/ (Ci 



(Ci2ri) (Ci2r2) ••• (Ci2rn) 



(1.6) 



should have rank two, as wc discuss in more detail in section 5. This is equivalent to the 
vanishing of the determinant of each 3x3 submatrix, that is of each determinant of the form 



^rst ~ 



'js^jt ^jt^j^ CjrCjs 
C-ks^kt Cj^fCkr C-^rC-ks 

Ckr^js^it^jr^s^kt Cj^-CigCj^^Cir^ks^jt Cir^ks^jt^kr^js^t' 

(1.7) 

For this condition to be met, it is sufficient for a suitable subset comprising Nr of the C^Jl to 
vanish, e.g. if wc fix /, J G P and R, S Af, it is sufficient to have the vanishing of the Nr, 
quantities C^Jl where k ranges over V', the remaining m — 2 elements of V, and t ranges over 
AA', the remaining n — 2 elements of N . Using the linear conditions (1.1), (1-2) to express 
the Cir in terms of the Ckt^k G V' ,t e J\f', we find in section 3 that the tree amplitude will 
have the form 

/F(c,n|^. (1.8) 

teM' 

where F{c) is a simple rational function of the Cj^. 

In section 2, we review the derivation of vertex operator expressions for the general A''-point 

tree amplitudes in twistor string theory from vertex operators. In section 3, we analyze the 
amplitude as an integral over constraints. In section 4, we derive the integrand function F(c), 
as a function of the link variables, from twistor string theory. In section 5, we discuss the 
parametrization of the linear constraints, and complete the description of the contour integral 
expression for the amplitudes. In section 6, we compute all 6-point functions, including 
alternativeforms, by evaluating the contour integral as a sum over residues. In section 7, we 
use our general formulae to check the 7-pt tree with alternating helicities. 
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2 The AT-point Amplitude 



As in [3, 6], we consider conjugate twister variables Z and W 



VF-Z = (I;-7r + 7f-a; = WaTr" + vfaw", (2.2) 
and the field describing the twistor string, 

We fourier transform the open string vertex operators for gluons according to their helicity[l], 
as 

V^{W^ p) = J cfir^e'^^^" J ^d\KX%p) - T:-)e"'^i,^^'^p)j^ = J ^e'^^'^^^^J^, (2.3) 

= j i<^dK5^{KZ{p)- Z)J^'^^ (2.4) 

Defining Xj = Wj, j €V; Xg = Zg, s € M, we compute the tree amplitudes as a sum over 
instanton sectors. The only non- vanishing contribution to any tree with n negative helicity 
states is from the sector with instanton number d, where d = n — 1, [6] 



a=l 



iY,^^jWj-Z{pj)\\0) 



= / n ^^(0|e(«-i)«o n ^'(^sZips) - ^.)exp < 
a=l seM 

XJI'^' n {Pr-Ps)'{0\J^'ipl)J^'iP2)...J^HPNm/dg 

seAf r<s;r,seAf 

(2.5) 

and dg is the invariant measure on the group GL{2, R) of Mobius and scale transformations. 
Because Z{p) is a polynomial of order n — 1, 
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so that KrZ{pr) = Zj., T £ J\f. If = KrZ{pr) — Zj., T G M , the Jacobian resulting from 
performing the integrations corresponding to the zero modes of Z{p) is 



d{Z-m+i, ■ ■ ■ , Zq) 



seAf r<s;r,seA^ 



This factor will cancel the worldsheet fermion contribution included in (2.5), and the ampli- 
tude becomes 



]\^ei...€N 



nUKct 



a=l 



reAfjeV 



.a=l 



Pa — Pa+1 



dg, 



where 



n 



Pj - Pr 



which we shall relate to (1.5) in section 3. 
The action of the group GL(2,M) is defined by 

apa + b 



Pa 



cpa+d' 



l^a ' ^ {pPa "I" f^)" l^ai 



which leaves Cjs invariant. 



We transform to momentum space by applying 



/ 



exp < 



givmg 



jer \ r€j\f J seJ\f \ i€P J 



N 

n 



dKadpo 



'dg. 



(2.7) 

(2.8) 



(2.9) 



(2.10) 



_2 l^a{pa Pa+l] 

As we saw in section 1, the delta function conditions imply energy-momentum conservation. 
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Fixing a choice of R,S E M, 



n I ~ XI ) n ( + XI ^''^^^ ) 

= {R, Sf6^ ^ TVaTTa ] Yl [ " X "^-^'^^^ 11 '^^ + X ' 

\a=i / jeV \ reM J seAf' \ iev / 

(2.11) 

so that we are left with 2N ~ 4 relations from the remaining delta functions to determine the 
2N — 4 effective variables amongst the Ka,Pa-> after allowing for Mobius and scale invariance. 
The dependence of the mn = n{N — n) variables Cjj- on the 2iV — 4 effective variables Kq, , 
implies the existence of 

NR = mn- {2N - 4) = (m - 2)(n - 2) 

(nonlinear) relations between the q,., say Ck{c) = 0, 1 < -fT < Nn. E.g. for N = 6,m = n = 
3,V = {i,j,k},J\f = {r,s,t}, there is one relation from (1.7): 

= Cj^j-CjsCit^^jrfHs^^kt ~l~ (^jr^Hs^^kt^r^ks^jt ~l~ (Hr^ks^jt^kr^js^Ht- 

(2.12) 

Now, 

dpRdps dKRdns 
KPR-PSY I^Rl^S 

so that 

^6i...6^ ^ yAiA2...A^^4 (^^Tt^T^^ A^^l -^^, (2.13) 



with 



= {R,S)\pR - psf / n<^' ( - X ""irT^r] n [^s+Y.^iCis\ 



X 



^ 1 ^ J J 

J-^l (Pa - Pa+l) 



(2.14) 
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Note that if we chose I,JeV rather than R,SeJ\f, 
Yi^^ [^^ ^^'''^^ ] n I ^« + XI ) 

= [/, Jfb"- I ^ TfaTTa J '^^ ( ~ ^^^^^ ) 11 '^^ ( + ^^"^^^ J ' 

\a=l / jeP' V r^N ) seAT \ iev J 

(2.15) 

and we have similar formulae to the above but with [/, J]^ replacing {R, 5)^. 
3 The Amplitude as an Integral over Constraints 

In order take into account the constraints Ck in evaluating the amplitude (2.14), we will 
rewrite the world sheet integration on p and A; as integrals over a set of independent link 
variables. 

In (2.14), we have 

c,s = ^n^^^' jeT', .GAT, 

l^s Ps Pr 

T-eA/" 

(3.1) 

but it is convenient to change variables, defining 

% = n {Pj - Pr)Kj, ^s= Yi ~ Pr)l^s, j ^V, S eJ\f, 



SO that 



kg Pj Ps 

Then (2.14) is left unchanged if we replace Ka by ka, and the action of the invariance group 
GL(2,M) is now given by 



Pa '-^ ^" ^ , kj {ad — hc)kjl {cpj + d), kr ^ kr{cpr + d), a&A, j^V, s€ Af, 

CPa "l~ d 



A = VUj\f. Writing 

fir{c) = {i,r) -^Cis{s,r), frt{c) = [r,t\ +^[r,i]cit, r = R, S, i £ V, t e M' , 
seAf iev 

(3.3) 
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in the expression (2.14) we have 



{R, Sf llS^U^-Yl ^-^0 n ( + E ^^^'^ ) 



n s'iuc)) n '^'(/rt(c))^i^i5^'(/(c)), (3.4) 



iev teM' 

r=R,S r=R,S 



where Ki = {R, S)'^+'^[R, S]"-^. 

Use ge,l < £ < N', to denote generically {pa, ka '■ 1 < a < N,a ^ R, S} and divide the mn 
variables Cir into two subsets: cf^,l < £ < N', and c^, I < K < Nr, {e.g., fix 7, J G V, in 
addition to R, S G M, and take the c' subset to consist of {cm, Cis, cjr, cjr ■ i € T',r E M'}, 
and the c" subset to consist of {cir :i^I,J, r ^ R, S}). Then (2.14) can be written 

^c,...eM = KiJ ^'(^) S^'{f)d^'g (3.5) 
where / = /{g) = f{c{g)) and 

In principle, we could use the N' delta functions to perform the N' integrals over gg and 
then calculate the amplitude as a function of the momenta by solving the equations (3.3) to 
give p and k in terms of the momenta and then substitute for them in 



dif) 



dig) 

but this is not a calculationally convenient way forward. 



(3.7) 



Instead, we seek to rewrite (3.5) first as an integral over all the mn variables Cir and then 

to use the delta functions 5^ (/(c)) to perform N' of these integrations to leave an integral 
over Nji variables corresponding to the constraints Ck- We can use these constraints to 
express the Nr variables as functions of the remaining N' variables c^, c" = c"{c') and 
thus obtain N' functions f{(^) = f {d , {d)); these are the functions we would obtain if we 
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used the N' equations (3.2), corresponding to the c' to express p, k as functions of the c'. 



d{g) 



die) 

die') 



|*(,)<5(^')(/)d^',= Jms'^'if) 



5^'(/>^«(C) 



diC) 



die) 
did) 



diC) 



die) 
die') 



die") 

diC) 



die) 



die") 
diC) 



die") 
5^' if)6^^iC)(r''e 

J^'(/)5^«(C)d™"c 



die") 



Oif) 



die') 



(5^«(C)d^«c" 



(3.8) 



with C(c") = C(c'(c"),c"), where the functions e' = c'(c") are obtained by using the N' 

equations /(c',c") = to express e' in terms of e" . The Jacobian of / with respect to e' is 
a constant, dependent only on momenta rather than the Cjf., because the / are linear; the 
value of the constant depends on the choice of the c^. If we use the choice {cjR, Cjg, c/^, cj^ : 
ieV,r e M'} for c'. 



dif) 



{R, S)^"'[R,Sr-''[I,J] 



n-2i 



in-2 



Then 



with 



and 



did) 



K j Fic")5^'^iC)d^'^e" 



Fie") = ^ie) 



die') 



die) 



-1 



diC) 



die") 



(3.9) 
(3.10) 



K = Ki 

We can integrate (3.9) to obtain 



dif) 



die') 



{R,S)'-^[I,J] 



l2-n 



J^ei...eN =K^Fid') 



diC) 



die") 



-1 



(3.11) 



where the sum is over at least some of the simultaneous solutions of the Nr constraint 
equations Cxic") = CKic'ic"),e") = 0. [Note that in (3.11) the Jacobian is calculated for 
C, that is for C regarded as a function of e" with c' put equal to c'ie"), whereas in (3.10) is 
for C with respect to e", with all the c regarded as independent.] To find a rational answer 
for the amplitude, in line with the known results, we need to sum over all the solutions c" 
with appropriate signs or phases that enable the contributions to be combined into a contour 
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integral of the form 

F{c")W^. (3.12) 

K 

[Here we understand the notation for the contour integral to include appropriate factors of 
2TTi.] This will become apparent when we discuss the 6-point function, with m, = n = 3, 
in detail in section 6. But first we will discuss the form of the integrand F{c) in section 
4, and the parameterization of the general solution for cir of the linear equations = in 
section 5. 



4 The Form of the Integrand, F(c) 

We can now give a general prescription for the integrand F{c) in terms of the link variables, 
working from the string function (3.6). As before, we fix /, J € V and R, S £ M, set 
V = {k & V : k ^ i,j} and M' = {t & M : t r, s}, and chose for the Nr variables c" the 
collection {ckt '■ k G P',t G J\f'}. Then the remaining variables c' are {ciR,Cis,cit,cjt : i G 
V,t e N'}. Correspondingly, we take the Nr constraint functions Ck to be 

Ckt^C\is\, k€V',teJ\f'. (4.1) 

If e V, and t,t' eM', 

3 unless k = k' and t = t' , (4.2) 



dCk 



dck't' 
so that 



diC) 



d{c") 



-j-j- dCk, 



[CIRCJS - CisCjr]^'^ Y[ [citCjtV ^ n \pkRCksT ^ n 



teN' keV ker 



; Ckt 



using the expression we find from (1.7) 
dCkt 



(4.3) 



CkSClRCjR{citCjS - CiSCjt) - CkRClSCjs{citCjR - CjRCjt) 

= citCjtCkRCksiciRCjs - ciscjR)/ckt- (4.4) 
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Also it is not difficult to see that the Jacobian of c' with respect to p, k can be written as a 
product of factors: 



d{c') 



d{p,k) 



d{pi, ki) 



d{cjR, cjs) 



d{pj,kj) 



d{CkR,Cks) 



d{pk,h) 



xn 

teAf' 



d{cit,cjt) 



d{pt,kt) 



7.n-lr.n-l i 

= -"^(pn - psriPi - pj)-' n X n p 

R S 



1.3 



n 

lev 



{Pi - PrY{Pi - PsY {pi - Ptf{pJ - Pt) 



(4.5) 



using 



So 



{pR - Psf 



die') 



dip,k) 



djciR: cis) _ [pii - Ps) 

d{pi, ki) kRks {pi - PR^ipi - psY ' 

d{cit,cjt) ^ kikj (pi - pj) 
d{ptM) ~ {hf {pi - Ptnpj - Ptf 



i5 felj/ 



'^S^iPR - Psf-iPi - Psf-cj^cfscf^cfs 
'^i '^J ker 



n ^kR^ks n ^it^jtYi^i n 

teAf' lev ueN " 



and, using 



(4.6) 



ki kj 



{Pi - Pj){Ps- Pr) 



^jr s 



for i,j eVj r,s eM, 



(4.7) 



we have 



(pR - psf 



k^k'"" 

■dn^{PR-ps)-'^{pi-pj)- 

Kg 



d{d) 


-1 


d{C) 


dip,k) 




d{cf') 



eV ' keN' 

n [CIRCJS - CisCjr]'^'^^'^ 



«3 y^3 ^3 ^3 
^IR^IS^JR^JS 



n m-3 m-3 TT „n-3 n-3 
^It ^Jt ii '-kR '-kS 

teM' keV 



kev lev ueN " 



(4.8) 
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and finally 
F{c) = ^ip,k) 



die') 


-1 


diC) 


d{p,k) 




d{c") 



^n^^PR-Ps) {PI-PJ) .3_.3„.3_.3„. li 



/--j3 

N 



m-3 m-3 TT 

t&M' keV 



n-3 n-3 
^kR ^kS 



kev lev ueAf " a=l ^"+1 



(4.9) 



We can write this final product in terms of the Cir by using (3.2) whenever ea = — Eq+i; and 
using (4.7), with a factor of (pr — ps) supplied when = e^+i = +, and a factor of {pi — pj) 
supplied when = = — • This will leave (p/ — pj)^^{pR — ps)~-'^, where p is the number 
of sign changes going from ei to ejsf and back to ei. These factors can again be converted 
using (4.7), yielding a rational expression for -F(c) of order 6(m — 2)(n — 2) — mn. We now 
give some examples and a general prescription. 



(a) For m = n and (ei, 62, €3, €4,... e2n-i, e2n) = (+, -,+,-,...,+, -), 



F{c) = [ciRCjs - cjscjRr-''>'''-'> n 

teAf' keP 



ker 



Ckt 



(4.10) 



where the prime on the last product indicates that terms 1/cfet should be omitted when k,t 
are adjacent. 

(b) For {€i,...,€m,€m+i,---em+n) = (+,■■■,+,-,■■■,-), where we choose the labeling 
ei = +, 1 < i < m; er = m + 1 < r < N; and I = 1, J = m, R = m + 1, S = N , we have 



m—l 



F{c) = -CISCJR [ciRCjS - C75Cjfl]^^ + ^ JJ 



\ [CiRCi+l,S - Ci+l,RCis] 



N-1 J 



n ^^^t n '^kR^'^ks^ n • 



keV 



kev 



(4.11) 



(c) In general, if (ei, . . . ,eiv), begins with ei = + and ends with ejy = — and comprises p 
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strings with = + and, therefore, p strings with ea = —, then, up to sign, F{c) is given by 
Fic) = [cjncjs - c/5C.i^]^«-^+M«^c?^V,^V,/ n ^Tt-'c7-' 



N 



T{4R^lf\[^\{<c.+^^ (4-12) 



keV kev '^^ a=l 



where 



^iT ^iT^ ^ri ^iV) ^ti 5 '^rs 5 o^j^r')i-,ox^j\. 

CiRCjS - CjRCiS CirCJs - ClgCJr 

Note, one may obtain different expressions for the integrands using the identity 

CjRCjS - CjRCiS _ Cjr-Cjs - CjsCjr ^ CjECj S^j ECjsCirCj gCj gCjr 
CiRCjS - CISCJR CirCjs — CjgCjr CirCjsCisCjrClRCjSCjSCjR 

For given m and n, the expressions for -F(c) for different orderings of the hehcities are related 
by the transformations given in Appendix A. 



5 Pctrameterization of the General Solution of Linear Constraints on & 



In this section we will parameterize the general solution to the linear constraints (1.1), (1-2) 
on the link variables in order to express them in terms of suitable independent variables 
over which to perform the multi-dimensional contour integral to obtain the amplitudes. As 
remarked in section 1, the 2N linear equations (1.1), (1.2) imply energy-momentum conser- 
vation. Thus they typically provide N' = 2N — 4 constraints on the variables Cj^, leaving 
Nr = mn — N' degrees of freedom. These remaining degrees of freedom are determined by 
the Nr independent constraints Ck that follow from the requirement that Cir be of the form 
(3.2), and we shall discuss the form of these non- linear constraints in this section. 

A solution to the linear equations (1.1), (1.2) is always provided by Cir = o-iri where 

using energy-momentum conservation, and 

jev reAf i<J 

i,jev r,seN 

To show that Cir = air satisfies (1.1,1.2), first note that 

{hj)T^k + (j, k)'Ki + (fc, 1)71 j = 0, for any j, k, 
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because, taking the angle bracket with any vector tti, 

{ij){k,l) + {j,k){i,l) = {k,l){i,j) - {k,j){i,l) = -{k,i){j,l). 



Similarly 
So 



[r, sjTTt + [s, t]Trr + [t, rjTTg = 0, for any r, s, t. 



^ ttirTTr = \ ^ {i,s)[s, 



r,sGAf 



A 1^ [s,r](s,r)7ri = 7ri 



establishing (1.1); (1.2) follows similarly. 
For convenience write 



Then, for i, j & V, r,s € M, 



(5.3) 



(5.4) 



(5.5) 



AirAjs - AisAjr = ^ {{i,u)[u,r\{j,v)[v,s\ - {i,u)[u,s\{j,v)[v,r\) 



{h u) {j, v) ( [u, r] [v, s] - [u, s] [v, r]) 



u,veM 



u<Cv 



= p^[r, s]{i,j) 
and so, for k eV, r,s,t E J\f, 



(5.6) 



2\3 



Ojir ^is ^it 
djy ^js ^jt 
akr Q'ks Q^kt 



— {.-^ir-^js -^jr-^is^-^kt ~l~ {.-^jr-^ks -^kr-^js)-^it ~l~ {^-^kr-^is -^ir-^ks^-^jt 

= p\r, s] i{i,j)Akt + {j, k)Ait + {k, i)Ajt) = 0, 

(5.7) 



using (5.2). 
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Since this determinant vanishes for any i,j,kEP,r,s,te J\f, this imphes that the matrix 

has rank 2. In fact, this is evident from the fact that Oj,. is defined in (5.1) as the product 
of the mxm dimensional matrix and the m x n dimensional matrix [j,r]; because the 
TTj are two-dimensional, the matrix has rank at most two and the rank of a^r can not 
be larger. For m,n > 2, this condition is different from the rather more unusual condition 
(1.6). 

The condition that the matrix (1.6) have rank 2 is sufficient as well as necessary for cjr to 
be of the form 

kr{pj - Pr)' 

We can prove this by induction on the size of (1.6). Suppose (1.6) is of size m x n, has rank 
2 and that the result holds for matrices of this size; consider adding an additional column 
Xi = (ci^„+i)~^, 1 < i < m, while leaving the rank of the matrix at 2. Then 



(5.8) 



Xi = A^(pi - pi) + l^^ipi - P2) = ^^{pi - Pn+l), (5.9) 
Ki Ki Ki 

where 

, w . , Xkipi + pk2p2 
kn+i = Afci + p,k2, Pn+i = — r-j — ; — ; , 

so that the elements of the additional column are 



ki 

''"■'"^ kn+l{pi - Pn+l) ' 



which is of the required form. 



For m = 2 or n = 2, (1.1), (1-2) determine Cj^ uniquely, and it is straightforward then to 
check that Cir = air provides the well known MHV amplitudes. For n = 2, J\f = {R, S}, 

CiR = S)[S, R] = as = as / = {R, S)[R, S] 

P \R,^) w,R) 



in this case. Then 



1 (i, i + 1) 
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Then, from the formulae at the end of section 4, 

/ N 



M+-+- = {R,S)^ /ll{a,a + l), 



I a=l 

since there are no integrations to perform in this case. Similarly for m = 2, P = {/, J}, 
cir = \{I,J)[J,r] = -|^, cjr = asp2 = {I,J)[I,J] 

p [J, I\ [I, J\ 

in this case, leading to the familiar form of the amplitude for this case. 

For m, n > 2 we must add to a^r a solution of the corresponding homogeneous linear equa- 
tions, 

^ CjrT^r = 0, jeV (5.10) 

reAf 



^TTiCis = o, seM, (5.11) 



in order to obtain a solution of (1.1), (1.2) that has the property that (1.6) is of rank 2, when 

Cif — dir ~\~ Cif. (5.12) 

The Cir lie in an AT^-dimensional space. For m = n = 3, V = {i,j,k}, Af = {r,s,t}, this 
space is one-dimensional and parametrized by 



The single constraint from (1.6), Ci = C^-'Jl = provides a quartic equation to determine /?, 
which we shall discuss further in section 6. 

For general m, n > 3, the general solution to (5.10), (5.11) is provided by 

3,kev 

where is antisymmetric under permutations of i,j,k and also under the permutations 
of r,s,t; it follows from (5.2), (5.3) that this satisfies (5.10), (5.11). Because there are only 
(m — 2)(n — 2) independent solutions to (5.10), (5.11) there is some arbitrariness in the choice 
of Pli'g^ for a given solution Cj^, e.g. 

where 7*-^^ is antisymmetric in i,j and in r,s,t, and Wi is arbitrary, leaves the solution Cj^ 
unchanged. 
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We can express each of the cir as a hnear combination of the Nr components 

by 

cit = Yl f^kt [J, k] {R, S) , CkR=Yl Pkt [I, J] {S,t), ciR = ^ ^kt [J, k] {S,t), 
keV teM' fes-p' 

k e T', teM', (5.13) 

and similar expressions for c^^, cjt,cjs, c jr, cjg. This is equivalent to taking = unless 
exactly one of k is in V' and exactly one of r, s,t is in J\f'. In this case, the only possibly 
nonzero components of Pl?Jl are 

(3kft = Pkt, ker',teAf' (5.14) 

and those related to these by antisymmetry under permutations of /, J, k or of R, S, t. 

Plit = ^ijk^rstP, for m = n = 3, (5.15) 

and 

Pi^Jl = P^^h,,t, for m>3,n = 3, (5.16) 

and, in this case, we can specify that the only nonzero components of /?'-''^ are the m — 2 
components of the form /?^'^'^ = Pk, k e V' and those obtained by permuting /, J, k. 



Then, from (5.12), we have. 



^r=air + ^ J2 f^ritb^ k]{s,t), (5.17) 



s,teM 



where the parameters Pl^Jl are zero unless they are related to 

PRft=Pkt keV',teM', 

by permutation of i,j,k and r,s,t. Then, from (3.12), the amplitude becomes 



keV 



with 

k = [I, J](— 3)(»-2) (i?, 5)(m-2)(n-3) ^^2) (m-2)(2-n) ^ 

and Ckt = CrJI provide the Nr constraints Ck- 
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6 NMHV 6-point Functions. 



We will exemplify our analysis by computing all NMHV 6-point gluon tree amplitudes. 
Following [2], we then find equivalent but different expressions [24, 25] for the amplitudes, 
by choosing other equivalent contours and integrands. 

For m = n = 3, we take V = {i,j,k},J\f = {r,s,t}; from (5.18), 
with just one constraint Ci = Ckt = C{l3), 



— CifCjgCktCjrCksC-it ~l~ CjfC/^gCuC/gfCigCjf -\- CkrCisCjtCirCjgCkt 

Ckr^js^it^jr^is^kt Cj^CigCktCirCks^jt ^ir^ks^jt^kr^js^iti 

(6.2) 

the link variables are ^ 

Cir = Oir H n [j j ^] 

where {i,j,k) and {r,s,t) are cyclic, and 

.2 1,2 7,2 



k^k^k^ 1 " 1 

F(c) = ' ' n — TT - 



For the three different orderings of the NMHV 6-point functions, the integrands are given as 
in section 4. 

(a) for the case {i,t,j,r,k,s) = (-1-,-,+,-,+,-), 

F+-+-+-(c) = 

(Hr^js^kt 

(b) for the case {k,i, s,t,j,r) = (+, +, -, -, +, -) 

Cig 



F++—+-(c) = 



(c) for the case {i,j,k,r,s,t) = {+,+,+, -, -, -) 



P+++ 



■js 



{CifCjs CigCjf^iCjgCkt CjtCkg) 



To compute the amplitudes, we examine the explicit form of the constraint, which leads to 
a quartic equation for f3. Writing 

Vi = \j,k], Wr = {s,t), Vi = {j,k), Wr = [s,t], 
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and similarly for cyclic rotations of k) and of (r, s,t), we have 



dr = air + ^ViWr, (6.3) 



AirAjs - A,sA,r = P^VkWt. (6.4) 



and, from (5.6), 

Prom Appendix B, where we list some algebraic relations useful for computing the 6-point 
functions, 

CifCjs CigCjr — (^tkj (^■^) 

for _ 

Cri = ari + ^WrVi, ari = ^Ari, j3=l/(5, (6.6) 

In Appendix B, we see that det(c) = /? so that Cri is the inverse of Cj^, and hence provides 
the general solution of 

the equations for the amplitude with flipped helicities. Again, from Appendix B, 

A-ri-Agj — AgiAj.j = p WfVk, 

and 

Using these properties of q,., the constraint becomes C(/3) = 0, where 

('jsCkt P Cri^sj 



= PCirCjsCkt - P^CriCsjCtk, (6.8) 



which is manifestly quartic in /?. Writing 
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the coefHcients in the quartic are 

C(0) = -ViVjVkWrWsWt] 

C(i) = Qirajsakt - ariVjVkWsWt - asjViVkWrWt - atkViVjWrWs; 

C(2) = airajsVkWt + ajsaktViWr + airaktVjWg - arittsjVkWt - asjatkViWr - ariatkVjWs; 

C(3) = airVjVkWsWt + ajsViVkWrWt + aktViVjWrWs - arittsjatk; 
C(4) = ViVjVkWrWsWt, 

(6.9) 

where 

Vi = Vi/p^, Wr = Wr/p^, Vi = Vi/p^, Wr = Wr/p^- 

Now consideration of particular cases for the momenta demonstrates that the roots of C{(3) 
are irrational functions of the momenta and that rational results can only be obtained by 
summing over each of the roots. So, from (6.1), we take 

where O is taken to be a contour encircling each of these roots once, but none of the poles 
of F(c). We now discuss the evaluation of the amplitude using contour manipulation, in the 
spirit of [1,2]. 

Because the integrand tends to zero as (3~^ or faster, as /3 — > oo, we have 

IT Jo' C{/3) 

where the contour O' encircles the poles in (3 of F^i- -^«(c) positively, but excludes the zeros 
ofC(/?). 

(a) For the case {i,t,j,r,k,s) = (+,-,+,-,+,-), 



27rZ Jo^ p'^CirCjsCktC{f3) ' 

where Oa encircles /3 = —Air/ViWr, P = —Ajg/VjWs and (3 = —Akt/VkWt- The integral is 
the sum of the contributions of these poles of the integrand, and at each of them C(/3) = 
PcirCjsCkt — P^CriCsjCtk = — P^CriCgjCtk, becausc CirCjsCkt = 0. Thus, using formulae listed in 
Appendix B, 

1 r d(3 

27ri Jo^ p'^CirCjsCktP^CriCsjCtk 

{t\Psi\k] {s\Pti \j] p%^{i, s) [r, j] {i, t) [r, k] 



M^-^-^- = -^j> (6.11) 

+ 2 cyclic terms. 
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where the two additional cyclic terms are obtained by simultaneously cyclically rotating 
k) and (r, s,t), and where we write 

("i|-P/3i...aI"2] = {ai,Pi)[Pi,a2]-\ 1- (ai, A)[A,"2], (6.12) 

so that 

{t\P,i\k] = -{t\Prj\k], etc., 

and 

Pli...ai = iPai+ ■■■Paf ■ (6-13) 

Having written the amplitude in the form (6.11), we can replace the contour Oa by a contour 
O'^ encircling the poles corresponding to c^j = 0, Csj = and ctk = 0, i.e. f3 = —ViWr/ A^r, 
P = -VjWs/Ajs and (3 = -VkWt/Akt, respectively: 

A^+-+-+- = ^/ (6-14) 

At 



{k\Psi\t\ {3\Pu\s\p%,[i, s\ (r, j) [i, t\ (r, k) 



+ 2 cyclic terms, 



where A^i is defined in (6.7). (6.14) provides a second, equivalent form for the alternating 
tree amplitude. 

(b) For the case {k,i, s,t, j,r) = (+,+,-,-,+,-), 

M 



+-I 1 — ^ J c^gdp 



27ri Jo^ p'^CirCjs/3CrjC{P) ' 

where Oh encircles P = —Air/ViWr, (5 = —Ajg/VjWs and /3 = —VjWr/Arj. The integral 
is the sum of the contributions of these poles of the integrand, and at each of them C(/?) = 



^ -^k ^C^C^sZ^^^s^ 



{t\Psim\Prk\mMP%r{hs)[r,j\ {t\Prjmr\PtM[i^mis{j^t){j,r) 
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{i I Pj-k mr\PtMplir{^^r)[j,t][s,t\{Ki) 



For an alternative form, starting from (6.15), we can replace the contour O}, by a contour 
O'^ encircling the poles corresponding to c^j = 0, Cgj = and Cjr = 0, i.e. (3 = —ViWr/Air, 
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(3 = —VjWs/Ajs and (3 = —Ajr/VjWr, respectively: 



{k\Ps^\t] {j\Prk\i] {k, r)p%^ [i, s] (r, j) [s, t] {k\Prj \t] {s\Ptj\r] {i, s)pl^ [j, t] [j, r] {k, i) 

{j\Prk\A {s\PtMpli, ^] 0'' t) {S, t) % i] ■ 

(6.17) 



(c) For the case {i,j,k,r,s,t) = (+,+,+,-,-,-) 

M+++ 



where Oc encircles (3 = —VkWt/Aff; and /3 = —ViWr/Ari. The integral is the sum of 
the contributions of these poles of the integrand, and at each of them C{(3) = PcHrCjsCkt — 
P^CriCgjCtk = PcirCjgCkt, because CriCgjCtk = at the poles. Thus 

M^^^— = . (6.18) 



{j, k)[s, t]{j\Pti\s]p'.^^[i, t] {r, k) {j, i) [s, r]{j\Prk\s\pj,t[K r] {t, i) 

To find the alternative form, starting from (6.18), we can replace the contour Oc by a contour 
O'f, encircling the poles corresponding to Cj^ = 0, Ckt = and (3 = 0, i.e. P = —Air/ViWr, 
P = —Akt/VkWt as well as /? = 0, respectively: 



M^^^— = -^.i (6.19) 

\j,kf{s,tf ^ [i.jf{r,sf (p2)3 



Air{s\Pti\j]p%^{ht)[r.k\ Akt{s\Pkr\j] p%t{r.k)[i,t\ {ij)[r,s\{j,k)[st]AirAkt 
where the Air is defined in (5.5). 
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7 Multiple Constraints and an NMHV 7-point Function. 



We now consider the general situation in which the number of constraints, Nr > 1. The 
general form of the amplitude is 



teM' 

where K is given by (5.19). Wc must specify further the multi-dimensional contour in (7.1) 
and explain how it may be evaluated. We remember, from the end of section 3, that the 
motivation for (7.1), is obtained by considering the result (3.11) of evaluating the delta 
function constraints (5-^^(C) in (3.9). By replacing real integrals over delta functions with 
contour integrals around corresponding poles, wc effectively replaced an expression involving 
the inverse of the modulus of the Jacobian of the constraints C, summed over a discrete set 
of points corresponding to the simultaneous solution of the constraint conditions, with the 
same expression with the modulus removed, so that the sum over the simultaneous solutions 
of the constraints now includes the phases of the inverse Jacobian at these points. We saw in 
section 6, in the case of the = 1 6-point function, that this interpretation was forced on 
us if we were to be able to reproduce the rational form for the amplitude known from gauge 
theory. 

In order to specify (7.1) more precisely, wc choose an order for the constraints, Ck, K = 
1 . . . Nr, and order the parameters, Pk, correspondingly. Then, as in section 5.1 of [2], 
the contribution of a particular simultaneous solution /3 = of the constraint equations, 
Ck{/3) = 0, is 

dp = KF{c) 



\d{C)] 


-1 







(7.2) 

where d(3 = dPi A ... A cZ/Jat^ and the contour 0° is chosen to be a surface of the form 
{(3 : |Cx(/3)| = €,1 < K < Nr}, with its orientation determined by the order of the Ck (as 
in [2]), enclosing [5 = [5^ but no other zero of the Ck- The integral (7.2) is be the residue 
of the integrand at /3 = /3o and it is antisymmetric under independent permutations of the 
order of the Ck or of the (Sk, and so symmetric under simultaneous identical permutations 
of both. 

Now, as in the Nr = 1 case, we should sum (7.2) over all the simultaneous solutions, (3 = /?°, 
of the constraints, Ck{(3) = 0, but exclude the contribution of other poles of the integrand 
arising from F(c). At this point we should note that, with the particular set of constraints we 
have chosen in section 4, namely {Ckt -k^IjJ, t ^ R,S}, there are always four 'trivial' or 
'spurious' simultaneous solutions of the constraints, namely cjr = cjr = 0; cjs = cjs = 0; 
ciR = CIS = 0; and cjr = cjs = 0. They are introduced when we move from statements 
about the matrix (1.6), with entries to statements about multinomials (1.7) in the link 
variables, Cj^, by multiplying by products of them. They do not correspond to the matrix 
(1.6) having rank 2; in fact, they are artifacts of the particular choice of the independent set 
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of constraints. These spurious solutions should be excluded from the sum. 

The problem again with trying to evaluate this sum directly is that the solutions to the 
constraints are not all rational individually, only their sum is. So, we seek to use a multidi- 
mensional version of the contour manipulation arguments we used in section 6 to evaluate 
the amplitude to obtain the familiar rational results. As in [2], this is provided by the global 
residue theorem. Consider an A^-dimensional integral of the form 



mil haifi) 

where N < M. For distinct indices ai, . . . , a^, the residue of the integrand at a common 
zero of hai , • • • , haj^ , assumed to be a simple zero, is 



(7.4) 



where A = {ai, . . . , ai\f}. It may be that the functions /iq,^, . . . , have more than one 
common zero but we shall assume the set of such simultaneous zeros is finite and, if there 
is more than one, we shall understand Tl{hai, ■■■ , ha^^) to denote the sum of the residues 
(7.4) at these simultaneous zeros. Suppose T^,! < £ < N are disjoint subsets of {1, ... , M}, 
whose union is the whole set. Then a version [2] of the global residue theorem states that 

J2 '^{hai,---,ha„)=0. (7.5) 

We demonstrate the effectiveness of this for evaluating amplitudes by considering a 7-point 

NMHV tree with helicities (i, r, k, s, I, t,j) = (H 1 1 h), so that m = A, n = 3, Nr = 2. 

We take the choice {I,J,R,S) = {i,j,r,s). In this case there are two constraints, Ckt,Cit, 
and, as in (5.16), we can take the two integration variables to be = P^''^, Pi = P^^\ where, 
for r ^ Af, 

Cir = air + iPk [j, k] + A [j, iWr/p^ (7.6) 

cjr = ajr + {f3k[k, i] + f3i[l, ^])VFr/p^ (7.7) 

Ckr = akr + Pk[iJ]Wr/p'^, Cir = air + Pi[i , j]Wr / , r e Af. (7.8) 

Prom (4.9), 

F{c) = (7.9) 

CktClr 

and so, from (5.18), the contour expression for the amplitude is of the form 

M = f^ f df5,dPi. (7.10) 

[P^r Jo CktClrCktQt 

In (7.10) the contour O is chosen so that it includes the residue contributions from each 
of the simultaneous solutions of the constraints Ckt = Cu = 0, but excluding the 'spurious' 
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solutions. Ckt = Cit = if Cir = cjr = OT Cis = Cjs = or Cjt = Cjt = 0; we do not have 
to consider possible spurious contributions from, e.g. Cir = cis = 0, because the variables 
Cjr, Qs, Cit are not independent and no two of them can vanish together for general momenta, 
and similar considerations apply to Cj>, Cjg, Cjt- The residues at Cir = cjr = and cu = Cjt = 
vanish because of the presence of Cir and Cjt, respectively, in the numerator of the integrand, 
so that we only have to exclude the contribution from Cis = Cjg = explicitly. 

Applying the global residue theorem taking Fi to correspond to {Ckt,cir} and r2 to corre- 
spond to {Cit,Ckt}j we obtain 

niCkt,Cit) + -R{cir,Cit) + niCkt,ckt) + n{cir,ckt) = o. (7.11) 

and so, excluding the 'spurious' contribution, 

M = U{Ckt, Cit) - T^icis, Cjs) 

= -TZ{cir, Ckt) - 'R-iCkt, Ckt) - T^{cir,Clt) - TZ{cis,Cjs) (7-12) 

The choice of Fi and r2 has been made so that TZ{Ckt,Ckt) and 7l{cir,Cit) are as easy to 
evaluate as '}Z{cir,Ckt) and TZ{cis,Cjs) are. 

Because 

— CirCjgCktCjrCksCit ~^ CjrCksCuCkrCisCjt + CkrCigCjtCij-CjgCkt 

CkrCj sCitCjrCisCkt CjfCisCktCirCksCjt CifCksCjtCkrCjsCit 

— CisCktclsC^ CitCksf^tr^rsi C^'-'-^) 



where 

C^s ~ CirCjs CisCjri ('''•f4) 

we have that 

Ckt\ckt=0 ~ CkrCksCitCjtic-isCjr CirCjs)j (7.15) 

from which it follows that we can write TZ{Ckt,Ckt) as a sum of terms corresponding to the 
factors of Ckt when Ckt = 0. Because, in this case, for general momenta, Ckr^Cks 7^ when 
Ckt = 0, and because of the presence of Cjt in the numerator, we only have to consider the 
factors Cit and <>s, implying 

7^(Cfc^, Ckt) = n{cit, Ckt) + n{ci{, Ckt). (7.16) 

Similarly, from 

Clt\cir=0 = ClsCitCirCjr{CitCjs — CigCjt), (7-17) 

we deduce 

T^{cir,Cit) = n{cir,Cjr) + n{cir,cjt). (7.18) 
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Combining (7.16) and (7.18) with (7.12), we have M. expressed as a sum of six terms, 

M = -n{cir,Ckt) - TliCit, Ckt) - ^(4i, Cfct) - n{cir,Cjr) - n{cir,C^t) - n{Cis,Cjs). (7.19) 

We now calculate each of these terms in turn to obtain M. . 
Using formulae from Appendix C, we find the following: 
(a) residue from c;^ = c^f = 



T^{cir,Ckt) = 



dicir,Ckt) 



{pY [d{Pk,Pl) \ CktCit 



Cjt 



{k,r){k,s){l,s){l,t) {s\Pit\j] {s\Pkr\i] {t\PijPkr\s) {s\PijPlt\r)' 



(b) residue from cu = c^t = 
Since at Cit = Cfct = Oj 

d{Ckt,Ckt) dCktdckt 



dckt dcit 



ddi dPk dh ddi 



(^krC-ks'^jtipis^jr Qr^js)) 



(7.20) 



(7.21) 



T^{cit,Ckt) 



\ d{Ckt,Ckt) 



ClrClt 



pUi,r){r,k){k,s) [l,t][t,j]{s\Pit\j] {i\Pjt\l]' 



(7.22) 



(7.23) 



(c) residue from c^i = c^t = 
Since at cvs = c^t = 0, 

d{Ckt-,Ckt) _ dCkt dckt _ dckt dcri 



dcVs 



{cjgWr - CjrWg)[j,l] + {drWg - CHgWr)[l , i]] / = -{t\Pij\l]/p^ 



Cit\^ij — CigCifC^^c^^g. 



(7.24) 
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CirCjt 
ClrClt 



PtjtPlrsi^^k){k,s){i,j){j,t) {r\Pks\l] {i\Pjt\l] {t\PijPkr\s) 



(d) residue from = Cjr = 
Since at = cjr = 0, 



d{cir,Cit) dcirdCit 



dCjr dcir 



TZ{cir,a 



\ dicir,Cit) 



rCjt 



CktCkt 



[k,i]W^CigCitCirCkrCjsCkt{CjsCit (HsCjt) {(HsCkt (HtCks) 

Plk{s,l){ht){t,j)[i,r\[r,k\{mr\k\{s\ Pur \ ^] " 



(e) residue from = c*^ = 
Since at = Cgt — ^i 



d{cir,Cit) ^ _dcir_dCit ^ dc% dci,. 
d{Pk,Pi) ~ dPi dPk ~ dpk dpi 



^ = [{dsWt - CitWs)[k,i] + {cjtWs - CjsWt)\j,k]]/p^ = -{r\Pij\k]/p^ 
OPk 



[hj] \ d{cir,Cit) '\ ^ CjrCjt 

ip^f[d{Pk,Pi)\ Cktckt 



Cjt 



{l"\Pij \ k]WrCjrClsCltCktCitCkr{CirCjs Cis(^jr){pjs'^kt ^ks^jt) 



W^{r\Pij\kY 



PtjrPist{ji){ir){sl){lt) {j\Pir\k] (t|P^,|fc] {s\PuPij\r) 



(f) residue from Cis = Cjg = 
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Since at Cj^ = Cjs = 0, 



d{Ckt,Cit) _ d{Ckt,Cit) _ d{cis,Cjs] 
diPk,Pi) d{cis,Cjs) d{Pk,Pi) 



d{Ckt,Cit) 
d{Pk,(3i) 




p(Cfct,C;t) "| ^ CjrCjt 

(p2)2 [ d{l3k,Pl) J ClrCkt 



(7.32) 



[k,l]W^CjrCirCksClsCitCkt{CitCjr - CjtCir){CkrClt - CktClr) 



(7.33) 



Piis{t,j){j,i){i,r) [l,s][s,k]{r\Pks\l] ms\kY 



Combining these results for the residues, we have that 



M = -TZ{cir, Ckt) - U{Cit, Ckt) - n{cli,Ckt) - Tlicir, Cjr) - 7^(Qr, c/J - n{Cis,Cjs) 



(A;,r)(A;,s)(/,s)(Z,i)(s|Pit|i](s|Pfe,|z](t|Pi,Pjfc,|s)(s|PyP,t|r) 

W,%1]'' 

Pltj {i, r) (r, k) {k, s) [I, t] [t, j] {s\Ph \j] {i\Pjt\l] 

mm' 

PljArs{r^k){k,s){l,j){j,t){r\Pks\l] {i\Pjt\l] mjPkr\s) 

W,^[k,i]^ 

Plkis^^){l:t){t,j)[i,r][r, k]{j\P,r\k] {s\Pkr\i] 

W^{r\P,,\k]^ 

PijrPist {ji){ir){sl){lt){j\Pir\k]{t\Pis\k] {s\PitPij\r) 

W^[k,l]^ 

Pklsit^ j) (j, i) ih r) [/, s] [s, k] {r\Pks \l] ms\k] ' 



The expression (7.34) has the appropriate soft hmits and is antisymmetric under the transfor- 
mations i-^j^k^l^T'^t, s-^s. It is equal, up to notation and signs, to the expressions 
computed directly from the field theory, and by recursion relations [19, 20]. 

Other tree amplitudes can be computed in a similar fashion from the expressions for the 
integrand in section 4. It seems that the dual S-matrix of ACCK leads back to twistor string 
theory at tree level. It will be interesting to pursue this link at the loop level. 
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A Interchange of Particles between V and M . 



For keV,te M, let Vo = V^ {k}, ATq = AT ~ {t}, and V' = Vo^ {t}, Af' = MoU {k}, 



reAfo 



TT,; 



E{cirCkt ~ CitCkr) Cit ■ ^ -n 



TTr H TTfe. 



Ckt Ckt 



So 



with 



Cjy- 



reAf' 



, ieVo,r e J\fo; Cj^ = — , i G Vo; ctr = -— , r G J\fo; ctk = —■ 

Ckt Ckt Ckt Ckt 



Similarly 

-Tfr = ^ TtiCir, r € M' , 

ieV 

with the same definition of Cir- It remains to show that the Cj^ satisfy the same constraints 
as the Cir- To do this we establish formulae for them in terms of the Ki,pi. 



CjsCkt CjtCks 
Ckt 



TT Pj ~ Pr _ TT Pj — Pr TT Pk " Pu 
reM - Pr h\f Pk - Pr hi P^ - P^ 



Pj - Pt Ps - Pk _ Pj - Ps Pk - Pt Ps - Pk 
Ps-Pt Pj - Pk Pk-Ps Ps-Pt Pj - Pk 

K, ', TT Pj Pr 



j eVo, se Mo, 



TT Pj - Pr 

r^s 



-n 



'^^ reW P^ P'' 



j eVo, se M 



0- 
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Cfet Kk 4^ ft - Pr Pfe - Pr /^fc ^-^j^, Pfc - Pr 

TT^t r^t r^k 



ri.i -^-1- n, — n„ -'--I- ni. — n_ #<■_ n. — /i_ 



Cfct - - Ps - Pr Pk - Pr l^s Ps - P. 

1 Kt ri Pt~ Pr '^t TT Pt - Pr 

ctk = — = —11 = — i I 

Ckt Hk ^^j^ Pk - Pr Hk ^J^, Pk - Pr 

Thus the cjs are given by similar expressions in terms of the pe, ke as the cjg, and so the cjg 
satisfy similar relations to those satisfied by the Cjg- 

B Relations for the 6-point Function 

VjAir - ViAjr = [k,r], AirWs - AisWr = -p^ {i, t) 
VjAirWs + ViAjsWr - VjAisWr - ViAjrWs = p^Afk 

where ^ 

Ai = ^{r,s)[s,i] = - ^ (r, j) [j, i] , = -^Ai 

seAf jev ^ 

det c = ^ ^ ViWriajsakt - ajtaus) = -p^ ^ ViVi ^ WrWr = P, 
^ iev ^ ' iev reM 

where, as before, {i,j,k), (r, s,t) arc cyclic. 
Corresponding to the relations for A^j., we have 

A-riAgj AgiAj.j = p WtVj~, 

AriVj — A^jVi = —p (r, k) , 

WsAri - WrAgi = -p'^[t, i], 
WsAriVj + WrAsjVi - WrAsiVj - WsArjVi = p^Akt 
CfiC-sj C-si^rj ~ P^kt- 

When Cir = 0, 

ViWrpCri = p]kr. 

ViWr/3csj = {i, s)[r,j], ViWrpCtk = (i, t)[r, k], ViWr^sk = {i, s)[r, k], V,Wrf3ctj = {i, t)[r,j], 
WrCis = {i,t), WrCit = -{i,s), ViCjr = [k,r], ViCkr = -[j,r], 

ViWrf^Crj = {i\Prk\j], ViWr/^Crk = {i\Prj\k], ViWr^si = {s\Pti\r], ViWrf^Cu = {t\Psi\r], 
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ViWrCjs = [k\Psi\t), ViWrCkt = [j\Pti\s), 

using notation defined in (6.12) and (6.13). 



When Cir = 0, 



ViWrpCjs = [hs] (r, j) , ViWrPckt = [i,t] (r, k) , V Wrecks = [i,s] (r, k) , VMr'^Cjt = [iA (r, j) , 

Wr^Csi = - [i, t] , WrT'ti = [i,s\, ViCrj = -{k,r), ViCrk = {j, r) , 
ViWrPcjr=[i\Prk\j), ViWrPckr = [i\Prj\k) , ViWrPcis = [s\Pti\r) , ViWrPcu = [t\Psi\r) , 
ViWrCsj = -{k\P,i\t], ViWrCtk = -{j\Pti\s], 

where /? = 1//3. 

C Relations for the 7-point Function 

We derive the relations we need to evaluate the 7-point function working directly from the 
equations 

ire = CerT^r + C^sT^s + CftTTt, i = i,j, k, I, (C.l) 

-7f„ = TfjCju + 7fjCju + 7ffeCfe„ + 7fiq„, u = r,s,t. (C.2) 

If Ckt = 0, from (C.l) with £ = k, 

Ckr = {k,s)/{r,s), Cks = {k,r)/{s,r), Ckt = 0. (C.3) 

(a) For Cfet = = 0, in addition to (C.3), 

cir = 0, cis = {l,t)/{s,t), cit = {l,s)/{t,s). (C.4) 
and from (C.2) with u = r, 

WiCir + WjCjr = -{Wkik, s) + Wr{r, s)) / {r, s), 

yielding 

Cir = [j\Pkr\s)/[i,j]{r,s), Cjr = [i\Pkr\s) /[j,i]{r, s) , (C.5) 

and, similarly, 

Cit = [j\Pit\s)/[i,j]{t,s), Cjt = \i\Pit\s)/\jA{i,s). (C.6) 
Prom (C.l) with i = i 

Cis{s,t) = {i,t) -Cir{r,t), Cjs{s,t) = {j,t) -Cjr{r,t) 
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implying 
so that 

CirCjs - CjrCis = -{t\PijPkr\s) /[i, j]{r, s){s,t), (C.7) 

and, similarly, 

CitCjs - CjtCis = -{r\PijPit\s)/[i,j]{s,t){r, s). (C.8) 

(b) When c^t = cu = 0, from (C.l) with £ = k,i, 

Ckr = {k,s)/{r,s), Cks = {k,r)/{s,r), Ckt = 0, (C.9) 

and 

Cir = {i,s)/{r,s), Cis = {i,r)/{s,r), = 0. (C.IO) 

Prom (C.2) with u = t, 

Cjt = -[t,l]/[j,l], cit = -[t,j]/[l,j], (C.ll) 
and from (C.l) with £ = j, I, 

Cjr{r,s) = {s\Pjt\l]/[l,j], cjs{s,r) = {r\Pjt\l]/[l, j], (C.12) 

cir{r,s) = {s\Pu\j]/\j,l], cis{s,r) = {r\Pu\j]/\j,l]- (CIS) 
Prom (C.l) with £ = 

{r,sf[l,j]icirCjs -CisCjr) = {i, r) {s\Pjt\l] - {i,s){r\Pjt\l] = -{r, s){i\Pjt\l] 

so that 

CirCjs - CisCjr = {i\Pjt\l]/ {r, s)[j, I] (C.14) 

Prom (C.l) with£ = 

{cirCjs - CjrCls){s,t) = {j,t)cir - {l,t)Cjr = {{s\Pit\j]{j,t) + {s\Pjt\l]{l,t)) /[j, l]{r, s) , 

from which it follows that 

ClrCjs - CjrCls = -Pjlt/[j, l]{r, s). (C.15) 

(c) When = = 0, from (C.l) with e = k 

Ckr = {k,s)/{r,s), Cks = {k,r)/{s,r), Ckt = 0, (C.16) 

and with £ = 

CjrTTi CirTTj — {CjrCn CirCj^jTTf^ 
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so that 

Cjr{i,t) = Cir{j,t), Cjs{i,t) = Cis{j,t). (C.17) 

Prom (C.2) with u = r, 

-[l,r] = [l,i]cir + [l,j]cjr + [l,k]{k,s)/{r,s), 

implying 

-{s\Pkr\l]/{r,s) = [l,i\Cir + [l,j]cjr = {t\Pij\l]Cir/{i,t), 

SO that 

{r\Pks\l]{i,t) {r\Pks\l]{j,t) , , , _ {r\Pks\l]{iJ) 

and, from (C.l) with i = i, 

Cit{t\Pij\l]{r,s){i,t) = -{s\Pkr\l]{i,t){r,i) + {r\Pks\l]{i,t){s,i) = -{r, s){i\PrkMi,t) 
so that 

From (C.2) with u = t, 

{t\Pij\l][t,l]cit = -[t,i]Cit - [t,j]Cjt = -[t,i]{i\Pjt\l] - [t,j]{j\Pit\l] 

implying 

Prom (C.l) with £ = l, 

{t\Pij\l]cir{r,s) = {l,s){t\Pij\l]-Cit{t,s){t\Pij\l] = {l,s){t\Pij\l] -plt{t,s) = -{t\PijPkr\s) 

so that 

{r,s){mj\ir {s,r)mj\iY ^''■''> 

Prom (C.l) with£ = j,l, 

{CjrCis - CjsCir){r,t) = Cis{j,t) - Cjs{l,t) 

implying 

CjrCls - CjsClr = " . |;| • (C-23) 
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(d) When = Cj> = 0, proceeding as in (b), we have 

qr = 0, cis = {l,t)/{s,t), cit = {l,s)/{t,s), (C.24) 

Cjr = 0, Cjs = {j, t)/ {S, t), Cjt = {j, s)/ {t, s), (C.25) 
Cir = -[r,k]/[i,k], Ckr = -[r,i]/[k,i], (C.26) 

Cis{s,t) = {t\Pir\k]/[k,i], Cit{t,s) = {smr\k]/[k,i], (C.27) 

Cks{s,t) = {t\Pkr\i]/[i,k], Ckt{t,s) = {s\Pkr\i]/[i,k], (C.28) 
CitCjs - CisCjt = {j\Pir\k]/{s,t)[i,k], (C.29) 
CisCkt - CitCks = Pikr/ih k]{s, t). (C.30) 

(e) When = c^t = 0, proceeding as in (c), we have 

cir = 0, cis = {l,t)/{s,t), cit = {l,s)/{t,s), (C.31) 
{s\Pit\k]{i,r) {s\Pit\k]{j,r) _ _ {s\Pit\k]{i, j) 

(r|p,,|fe](t,.)' m,\k]{t,s)' m,\k]{t,s)' 

ms\kW,r) ms\k]{j,r) _ _ ms\k]{i,j) 

_ mAk] _ mAk] 

cjtcks - cjsCkt - -^^;^iy^Y 

(f) When = Cjs = 0, also proceeding as in (b), we have 

Cir = {i,t)/{r,t), Cis = 0, Cit = {i,r)/{t,r), (C.38) 

Cjr = {j, t)/ {r, t), Cjs = 0, Cjt = {j, r)l {t, r), (C.39) 

Cks = -[s,l]/[k,l], cis = -[s,k]/[l,k], (C.40) 

Ckr{r,t) = {t\Pks\l]/[l,k], Ckt{t,r) = {r\Pks\l]/[l,k], (C.41) 

cir{r,t) = {t\Pis\k]/[k,l], cit{t,r) = {r\Pis\k]/[k,l], (C.42) 

CitCjr - CirCjt = -{{i,r){j,t) - {j,r) {i,t)) / {r,tf = {i,j)/{t,r). (C.43) 
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{ckrcit- cirCkt){r,s) = {k,s)cit - {l,s)ckt = {{r\Pis\k]{k,s) + {r\Pks\l]{l,s))/[k,l]{t,r), 
so that 

CkrCit - cirCkt = -pkls/l^, l]{t, r) . (C.44) 
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